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Abstract. We show that a ribbon concordance between two links induces an in-
jective map on Khovanov homology.
If K0 and K1 are knots in S
3, a concordance from K0 to K1 is a smoothly embedded
annulus C ⊂ S3 × [0, 1] with boundary K0 × {0} ∪ K1 × {1}. More generally, for
n-component links L0 and L1, a concordance is a disjoint union of n knot concor-
dances between the components of L0 and the components of L1. We call C a ribbon
concordance if projection to the [0, 1] factor restricts to a Morse function on C with
only index 0 and 1 critical points. We say that L0 is ribbon concordant to L1 if there
exists a ribbon concordance from L0 to L1; note that this is not a symmetric relation.
(Let C¯ denote the mirror of C, viewed as a concordance from L1 to L0.)
In a recent paper [Zem19], the second author showed that knot Floer homology
gives an obstruction to ribbon concordance. In this short note, we prove an analogous
result for Khovanov homology [Kho00].
Khovanov [Kho06] showed that any embedded link cobordism F (not just a con-
cordance) in R3 × [0, 1] between links L0 and L1 gives rise to a linear map
Kh(F ) : Kh(L0)→ Kh(L1).
Jacobsson [Jac04] and Bar-Natan [BN05] showed independently that Kh(F ) is invari-
ant up to sign under isotopy of F . Clark–Morrison–Walker [CMW09] and Caprau
[Cap08] then showed how to tweak the construction of Kh(F ) so that is actually
completely invariant under isotopy of F , with no sign indeterminacy, and thus de-
fines an honest functor on the cobordism category of links.1 Note that when C is a
concordance between two knots, the map Kh(C) preserves both the homological and
quantum grading; see [Jac04, §3.4] and [BN05, §6].
Our main result is:
Theorem 1. If C is a ribbon concordance from L0 to L1, the induced map
Kh(C) : Kh(L0)→ Kh(L1)
is injective, with left inverse given by Kh(C¯). In particular, for any bigrading (i, j),
Khi,j(L0) embeds in Kh
i,j(L1) as a direct summand.
(Note that the theorem holds with coefficients in any ring.)
ASL was partially supported by NSF grant DMS-1806437. He thanks Radmila Sazdanovic for
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1These invariance results are all proven for cobordisms in R3× [0, 1] rather than S3× [0, 1]. Since
any cobordism in S3 × [0, 1] can generically be assumed to miss some segment {s} × [0, 1], we lose
no generality by considering cobordisms only in R3 × [0, 1].
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Applications. Before proving Theorem 1, we state a few corollaries. For any link
L, the crossing number c(L) is the minimal number of crossings in any diagram of L.
The Khovanov breadth of L is defined as bKh(L) := qmax(L)− qmin(L), where qmax(L)
and qmin(L) denote the maximum and minimum quantum gradings in which Kh(L)
is nonzero. For any link L, we have bKh(L) ≤ 2c(L) + 2, with equality if L is a
non-split alternating link; this follows by adapting Murasugi’s proof of the analogous
statements for the Jones polynomial [Mur87, Theorem 2]. (See [AP04, Property 1.4];
note that the quantum grading there is twice the one in [Kho00, BN02].) Similarly, the
Khovanov width wKh(L) is defined analogously to bKh(L) using the δ grading rather
than the quantum grading. We say that L is Kh-thin if wKh(L) = 2, which is the
minimum possible value. Lee [Lee05] proved that all non-split, alternating links are
Kh-thin; this was extended to quasi-alternating links by Manolescu–Ozsva´th [MO08].
As an immediate consequence of Theorem 1, we obtain:
Corollary 2. If L0 is ribbon concordant to L1, then qmin(L1) ≤ qmin(L0), qmax(L1) ≥
qmax(L0), bKh(L1) ≥ bKh(L0), and wKh(L1) ≥ wKh(L0).
Corollary 3. If L0 is ribbon concordant to L1, and L0 is a non-split alternating link,
then c(L0) ≤ c(L1). Thus, there are only finitely many alternating links that are
ribbon concordant to a given link.
If K1, . . . , Kn are unlinked knots in R3, we say that K ′ is a band connected sum
of K1, . . . , Kn if K
′ is obtained by connecting K1, . . . , Kn with n− 1 band additions
(possibly in a very tangled fashion). Miyazaki [Miy98] proved that if K ′ is a band
connected sum of K1, . . . , Kn, then there is a ribbon concordance from the ordinary
connected sum K1# · · ·#Kn to K ′. This result, together with the inequalities stated
above, immediately implies the following statements:
Corollary 4. If K ′ is a band connected sum of alternating knots K1, . . . , Kn, then
c(K ′) ≥ c(K1) + · · ·+ c(Kn).
Corollary 5. If K ′ is a band connected sum of knots K1, . . . , Kn, and K ′ is Kh-thin,
then K1, . . . , Kn are Kh-thin.
(See [Zem19, Section 1.3] for further discussion of band connected sums.)
Proof of the main theorem. The proof of Theorem 1 follows directly from the
behavior of the Khovanov cobordism maps under two operations: disjoint union with
unknotted 2-spheres and surgery along embedded 1-handles. To state this result,
we first recall that the Khovanov package also includes maps associated to dotted
cobordisms, which are discussed briefly in [BN05, §11.2] and then more extensively in
[Cap08]. A dotted cobordism is simply an embedded cobordism C containing some
finite set of marked points, which are allowed to move around freely. The action of a
dot is easy to describe on the level of chain complexes (although we do not actually
need this information for the argument below). Namely, for a product cobordism
C = L × I, with a single dot, choose a marked point in a diagram for L lying on
the dotted component of L and away from the crossings. We then obtain a chain
map CKh(L) → CKh(L), given by sending v+ 7→ v− and v− 7→ 0 on the marked
component of each resolution and extending by the identity on all other components.
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Figure 1. Bar-Natan’s local relations for dotted cobordisms.
The key properties that we need are the following:
Proposition 6. Let F ⊂ R3× [0, 1] be an embedded cobordism from L0 to L1, possibly
with dots.
(1) Suppose S ⊂ R3× [0, 1] is an unknotted 2-sphere that is unlinked from F , and
let S˙ denote S equipped with a dot. Then Kh(F ∪ S) = 0 and Kh(F ∪ S˙) =
Kh(F ).
(2) Suppose h is an embedded 3-dimensional 1-handle with ends on F (and oth-
erwise disjoint from F ). Let F ′ be obtained from F by surgery along h, and
let F˙1 and F˙2 be obtained by adding a dot to F at either of the feet of h. Then
Kh(F ′) = Kh(F˙1) + Kh(F˙2).
Proof. Both of these properties follow from the “local relations” shown in Figure
1, given in [BN05, §11.2] and [Cap08, §2.2]. To be precise, Bar-Natan showed that
Khovanov’s construction can really be thought of as taking values in a certain abelian
category Kob•, whose objects are “formal chain complexes” of closed, embedded 1-
manifolds in the plane, and whose morphisms are “formal chain maps” of dotted
cobordisms in R2× [0, 1], considered up to boundary-preserving isotopies, and modulo
the local relations. Applying Khovanov’s (1 + 1) dimensional TQFT then provides a
functor from Kob• to the category of chain complexes over Z, and the composition
agrees with the original construction of Khovanov homology.
To prove (1), we may perform an ambient isotopy of R3× [0, 1] so that the sphere S
lies in a 3-dimensional slice R3 × {t} for some t ∈ (0, 1). The first two local relations
in Figure 1 then indicate that that the morphism (in Kob•) associated to F ∪ S
is 0, and that the morphism associated to F ∪ S˙ is the same as that associated to
F . After applying the TQFT, this statement then translates to the corresponding
statement for the actual maps of Khovanov homology groups. Likewise, to prove (2),
we perform an ambient isotopy so that h lies within a small ball in a slice R × {t},
and the intersections of F ′, F˙1, and F˙2 with this ball can be identified with the three
pictures in the second row of Figure 1. The morphisms (in Kob•) associated to the
three cobordisms then satisfy the stated relation, so the maps on Khovanov homology
groups do as well. 
As an immediate corollary to Proposition 6, we have:
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Proposition 7. Let F ⊂ R3 be an embedded cobordism from L0 to L1, possibly
with dots. Suppose S is an unknotted 2-sphere that is unlinked from F , and h is an
embedded 1-handle with one end on F and one end on S (and otherwise disjoint from
F ∪ S). Let F ′ be obtained from F ∪ S by surgery along h. Then Kh(F ) = Kh(F ′).
Proof of Theorem 1. Let C be a ribbon concordance from L0 to L1, and consider
the reverse cobordism C¯ from L1 to L0. Let D denote the composite cobordism
C¯ ◦ C, which is a concordance from C to itself. By the functoriality of Khovanov
homology, Kh(D) = Kh(C¯) ◦ Kh(C). The second author showed in [Zem19] that
D has the following nice topological description: There exist unknotted, unlinked 2-
spheres S1, . . . Sn ⊂ (R3rL0)×[0, 1], and disjointly embedded 3-dimensional 1-handles
h1, . . . , hn in R3 × I, where hi joins L0 × [0, 1] to Si and is disjoint from Sj for j 6= i,
such that D is obtained from (L0×[0, 1])∪S1∪· · ·∪Sn by embedded surgery along the
handles h1, . . . , hn. By Proposition 7, we have Kh(D) = Kh(L0 × [0, 1]) = idKh(L0).
It follows that Kh(C) is injective, with left inverse given by Kh(C¯). 
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